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Abstract. Many geometries can be studied with the help of distinguished 
curves. The most known type of such curves are geodesies of Riemannian or 
projective geometry. In these two cases distinguished curves are specified by 
a system of the second order ODEs. This fact gives a relation between Rie- 
mannian or projective geometries and the geometry of differential equations. 

In the article the conformal geometry is considered. We answer to the 
question whether a system of the 3rd order ODEs describes geodesies of a 
conformal structure. We construct a functor from a category of conformal 
geometries to a category of Cartan geometries associated to the 3rd order 
ODEs systems. Explicit formulas which define the family of all equations on 
conformal geodesies are given in the last section of the article. 
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1. Introduction 

Distinguished curves of parabolic geometries usually contains a lot of information 
about underlying geometry. The geodesies of a projective or Riemannian manifold, 
conformal geodesies of a conformal manifold and Chern-Moser chains of a CR- 
manifold is a well-known examples of distinguished curves. 

We work with the conformal geometry, which is closely related to the geome- 
try of the third order differential equations. We answer the question whether the 
given system of the 3rd order ODEs describes conformal geodesies of a conformal 
structure. 

Definition 1. A conformal geodesic on a conformal manifold M is a curve on M, 
which development in a model space is a circle. 

As it was shown by Yano [14 , conformal geodesies infinitesimally determines 
the conformal geometry itself or, more precisely, each infinitesimal symmetry of the 
defining equation for conformal geodesies is a conformal symmetry. 

Every conformal geodesic is uniquely defined by its second jet. The family of all 
conformal geodesies of a conformal manifold is defined by a system of third order 
ODEs 01!]. 

In the given article we obtain a direct inclusion of the conformal geometry to 
the geometry of the third order ODEs systems. Both these geometries can be 
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described in terms of Cartan connections. While conformal geometry is parabolic, 
the geometry associated with the system of the 3rd order ODEs has a model with 
non-semisimple Lie algebra. 

The geometry of the system of the third order ODEs was studied in [5]. The 
main result of this paper is that to every system of the third order ODEs we can 
associate an unique characteristic Cartan connection of special type. This fact 
allows to find fundamental invariants of the system, which are the essential parts 
of the associated Cartan connection curvature. 

Below in the introduction we remind the basics of the geometry associated with 
the system of the third order ODEs and describe correspondence space and ex- 
tension functor construction briefly. Using these two components we obtain an 
algebraic relation between conformal geometry and the third order ODEs systems 
geometry in the second part of this paper. In the third part we state and prove 
necessary and sufficient conditions on conformal geodesies equations. In the final 
part we list and prove explicit formulas for these conditions. 

1.1. The geometry of the 3rd order ODEs systems. Consider an arbitrary 
system of m ordinary differential equations of the third order: 

(1) y^(x)^My / ;(x),y , k (x),y l (x),x), 

where i,j,k,l = l,...,m and m > 2. 

Let J 3 (M. m+1 , 1) be the third jet space of unparameterized curves. Then the 
equations (p} is a submanifold £ in J 3 (M m+1 , 1). We introduce the following coor- 
dinate system on the surface £: 

(x,yi, . . .,y m ,pi = y[,...,p m = y' m ,qi = y", ■ • -,q m = y'^)- 

With every system of the third order ODEs we can associate a pair of distri- 
butions. Let irf be the canonical projection from the surface £ to the first jet 
space J 1 (M. m+1 , 1). We denote a kernel of a differential & ir\ as V. One-dimensional 
distribution E is a distribution whose integral curves are the lifts of solutions of 
equations (flj. In coordinates distributions E, V have the form: 

„ / a a d n d 
E = \ir + P i a- + ( k7r + f7r 

\ox oyi dpi oqi 

v=- d 



dqi 

where i,j = l,...,m. 

Define a distribution C as the direct sum of the distributions E and V. Then C 
and its subsequent brackets define a filtration of a tangent bundle T£ : 

c = c- 1 c c- 2 c c~ 3 = re, 

where C^ 1 = C~ l + [C^C"- 1 ]. 

Using the theory developed by Tanaka [TO] we can effectively construct a Cartan 
geometry associated to the distribution C. This Cartan geometry has an infinites- 
imal model (fl, h). The Lie algebra g has the following form: 

S = (sl 2 x [ m ) X (Va <g> W) , 

where V<x is a 3-dimensional irreducible sl2-module and W is an m-dimensional 
vector space. 
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Let us fix a basis of the Lie algebra and the sfe-module Vi. We consider 
elements x, y, h to be standard basis of an algebra 5I2 with relations: 

[x,y] = h, [h,x]=2x, [h,y]=-2y. 

Elements vq, vi, vi form a basis of the module V2 such that 

X.V2 — V\, X.V\ = Vq, X.Vq = 0. 

We define the grading of the Lie algebra g as follows: 

9i = {y), Qo = (h,Ql m ), 

Q-i = {x) + {v 2 ®W), a-2 = {"i®W), Q-3 = (V ®W). 

Subalgebra f) is exactly the nonnegative part of the Lie algebra g. 

Definition 2. We say that a coframe {o;!_3,a;!_ 2 ,a;!_ 1 , u> x } on £ is adapted to the 
equation |lj if: 

• an annihilator of the forms w!_ 3) uj 1 _2, u) x is V; 

• an annihilator of the forms uj i _ 3 ,uj l _ 2 ,uj l _ 1 is E; 

• an annihilator of the forms u> l _ 3 is C~ 2 . 

Let W: P — > £ be a principle ii-bundle and let To be and arbitrary Cartan 
connection of type (G, H) on P. The connection ZJ can be written as: 

TJ = w*_ 3 i>o ® e, + ZJ l _ 2 vi ® e 4 + wlji^ ® ej + ZU^x + uJ/j/i + uJ*e^ + aJ y ?/, 

where is a basis of vector space W and is compatible basis of g[ TO . We also use 
notation e l _ 3 , eL 2! for wo ® e,-, Ui ® 6j, «2 <8> in the future. 

Definition 3. We say that a Cartan connection W on the principal iJ-bundle 7f is 
adapted to the equations ([1]) , if for any local section s of 7f the set 

{S UJ X ,S UJ_ 1 ,S w_ 2 ,s w_ 3 } 

is an adapted co-frame on £ . 

In the [5] it was shown that with every system of the third order ODEs we 
can uniquely associate a characteristic Cartan connection. This connection is an 
adapted connection with some restriction on the curvature function. The curvature 
function can be expressed in terms of fundamental differential invariant with the 
help of universal covariant derivative. Denote trace-free part of the tensor as tro . 
There are four fundamental invariants: 

, /dT_^d_df_ 1 dp df k 
{ 2) j -tr y Qpj - dx gqj + 3 dqk Qq3 

( 3>1 dyi 3 dq k dpi dx dpi 3 dx 2 dqi 27 1 dqj ' 
Adf d df k 2d fdp\ df k _ 28 i± RX 



(h) jk = 



9 dq k dx dqi 9 dx \ dq k ) dqi 3 dx 
dp, dqj dq k dq k dx J dq k 1 dqi j k ' 
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where 

R _ x = 1 / d 2 p \ RX = _J_fdf^_ ±df_ + ldj^df\ 
i 6(?ti+1) \dq l dqi ) ' 4m \<9p l dx dq l 3 dq k dq i J 

Here and below in the article we use different from [3] but equivalent (in terms 
of fundamental systems of invariants) formula for the invariant W3. The invariants 
W2 and W3 are called Wilczynski invariants and they appear from linearization 
of differential equations. The invariants I2 and 1 4 play crucial role in detecting 
conformal geodesies equations. 

1.2. Correspondence space. Correspondence space construction comes from the 
twistor theory. The main idea is derived from the Penrose correspondence in its 
general form. Consider a semisimple Lie group G with two parabolic subgroups P\ 
and i-2- Assume, that Pi n P2 is also parabolic. Then a natural double fibration 
from GjP\ n P2 to G/Pi and G/P2 defines a correspondence between GjP\ and 
G/P2- More details on the Penrose correspondence and its applications can be 
found in the book pp. 

The curved analogue of this construction for the parabolic Cartan geometries 
was intensively studied by Andreas Cap [TTJ [T2] . To be precise, we should say that 
a correspondence space construction deals only with one part of Penrose correspon- 
dence. Namely, let G be a semisimple Lie group with two parabolic subgroups 
P2 C P\ C G. Consider a parabolic Cartan geometry (Q — > N,to) of type (G,Pi), 
where Q is a principal Pi-bundle. 

Definition 4. A correspondence space of a parabolic geometry {Q — > N, w) is the 
orbit space CN = G/P2- 

The orbit space CN is a smooth manifold. A parabolic Cartan geometry (Q — > 
CN.lu) of a type (G, P2) is naturally defined on the correspondence space CN. 
Moreover, curvature function k CN of the correspondence space geometry is specified 
by the formula k CN = jo k , where j: Hom(A 2 g/pi, g) — > Hom(A 2 g/p2, fl) is a 
natural inclusion. 

1.3. Extension Functor. Extension functor is a type of construction which helps 
to describe various relations between Cartan geometries. General theory of exten- 
sion functors can be found in |13j . 

Let (M, P, uj) be an arbitrary Cartan geometry of type (G, H). If if is a closed 
subgroup of a group L, we can construct a Cartan geometry of type (L,K) over 
the same manifold M with the help of the following data: 

• group homomorphism i : H —± K; 

• linear P-invariant map a : Q I, which is agreed with i, i.e. a o Adn = 
Adj(m oa and a|(, = di 

In order to define new Cartan geometry over the same manifold we require an 
induced map a : g/f) — > l/t to be a linear isomorphism. We define a principle 
-KT-bundle V = V Xj K , Let j : V —> V be an inclusion defined by the formula 
j(u) = (u, e). Then there exists a unique Cartan connection u) a : V — > I, for which 
we have j*ui a = a o lo. If i and a are monomorphisms, then we can think about uj a 
as a X-equivariant prolongation of the connection to. 

The curvature of extended geometry has simple relation with initial geometry. 
Assume that fl and S1 Q are curvature tensors of Cartan connections oj and oj a 
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respectively. Then we have: 

j*Q a — a o f2 = d(J* o u a — a o uj) + [j*uj a , j*io a ] — a o [cj, w] 

= [a(w), — a o [cj, w] = R a (oj) 

Tensor P Q shows how linear the map a is far from Lie algebra homomorphism. 

With the help of correspondence space and extension functor construction we 
describe the geometry of conformal geodesies equations in the following section. 

2. Geometry of conformal geodesics equations 

Consider a flat conformal geometry of the dimension m + 1. As usual, we define 
a quadratic form c[l{%) on Lorenzian space L — R rn+3 by the formula 



q L (x) = -2x x m+2 



m+1 
i=l 



The vector V is called light-like if 9l(V) = 0. A space N of light-like points in PL 
is called Mobius space. This space is a homogeneous manifold: 

n = SO m+2 .i/P, 

where P is a stabilizer of a light-like vector in PL. Lie algebras so m +2.i and p of 
groups SO m +2.i and P respectively have the following form: 



(2) 



so 



m+2,1 
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The only non-scalar blocks in (|2|) here are p, r and g. They have dimensions m x 1, 
m x m and 1 x m respectively. 

Proposition 1. TTie second jet space of unparameterized curves of the Mobius space 
N is a homogeneous space S l O m +2.i/ 'P2, where the Lie group P2 is determined by 
the following Lie algebra: 



P2 



( h 



V 



y 


-hj 



Proof. The tangent space at a point p can be identified with so m +2,i/p- The action 
of the group P on TN p can be realized as an adjoint action on so m +2 j i/p. We 
denote a group, which preserves an chosen point in TN, as P\. The group Pi has 
the following Lie algebra: 



Pi = 



The Lie group S'O m +2,i acts transitively on the first jets of Mobius space N, there- 
fore the first jets of curves form a homogeneous space SO m +2,i/ 'Pi- If we repeat 
the same construction for the 50 m +2.i/Pi we get that the a stabilizer P2 of a point 
in the second jet space is exactly P2. The fact that the group P2 acts transitively 
on the 2nd jet space ends the prove. □ 
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Denote as ir: P — > M a principle P-bundle with the Cartan form lu: TP — > 
so TO+ 2,i. We define a new bundle W : V — > M with the same total space P and a 
new base M = V/P2, i.e. the points of M are orbits of the right action of P 2 on P. 

With the help of the above construction we introduce a curved analogue of the 
second jet space for conformal geometry. Next step is to extend this geometry to the 
Cartan geometry of the system of equations on conformal geodesies of conformal 
geometry 7T. 

As above, let (G, H) be a Cartan geometry type of the system of m ODEs of the 
third order. Denote a Lie algebra of G as g and a Lie algebra of H as f). Define an 
injective map a : S0 m +2,i — > by the formula: 



( 


( h 
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°\ 


\ 
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1'" if I + r + (v <g> p - vi ® s + v 2 ® q) , 

where the element r G so m is included naturally into Qi m and vo ®p, v\ ® s, «2 ® (? 
is elements of V2 ® W. 

The map a is not a Lie algebra homomorphism. The map 

R a (x, y) = [a(x), a(y)] - a([x, y}), 

indicates how much the map a differs from a homomorphism of Lie algebras. Direct 
computation shows that: 

Proposition 2. The skew- symmetric tensor R a takes nonzero values only on the 
following elements: 

R(si,s 2 ) = si4 ~ s 2 s\ G g( m , 

R(P1,Q2) = -P1Q2 + q\p\ + ( ^ q Q 2Pl l^ pi ) G 0( m + S(2, 

fl(Pi,« a )=(S t 2 ) esl2 ' 

i?( 9l , S2 ) = ( i^ S2 °)e S ( 2 . 

The restriction a| P2 is a Lie algebra monomorphism from p 2 to f). This monomor- 
phism defines an inclusion of Lie groups i : P 2 — > H . We have all required informa- 
tion to define an extension geometry of type (G,H) over the manifold M. 

Let us define an ii-principal bundle tt : V — >• M by the formula P = P Xi H. 
The canonical inclusion j : P — > "P defines a unique Cartan connection u) = cj q on tt 
such that = aouj. In fact, w is an iJ-equivariant prolongation of the connection 
ctow: TP — > q. The following commutative diagram describes a geometric picture 
that we have: 

V = P ► V 

H 

M < M = M 

Now we need to prove that the construction defined above describes an inclusion 
of the conformal geometry tt to the geometry of ODE system of the third order 
defined by conformal geodesies of tt. To do that, first of all, we should check 
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if this construction defines a Cartan connection adapted to some equation and 
then prove that conformal geodesies of our conformal structure are in one to one 
correspondence with the solutions of this equation. 

A general form of a Cartan connection on a principal if -bundle 7r is 

uj = tl^fo ® e, + Co l _ 2 v\ ® e l + tiLiVz ® + tD x a: + u h h + w*-e^ + & v j/. 

We define on the manifold M a distribution C with a splitting y©_E by conditions: 

I * ~i * ~ i * ~ i \_L 771 

(s w_ 3 ,s w_ 2 ,s = £7, 

(s*£!_ 3 , S*U>!_ 2 : S*^) 1 - = V, 

where s* is an arbitrary section of the bundle tt. This definition does not depend 
on the choice of the section s. Indeed, let s' — s ■ k be another section, where 
k : M — s> H . By the definition of a Cartan connection we have: 

s'*G) = Adfc- 1 (s*Q) + k*Q H . 

Since the spaces 

(w ® W + vi ® W + v 2 ® W)* , 
(y ®W + vi ® W + Rx)* 

are 7J-invariant, we have that: 

(s w_ 3 ,s w_ 2 ,s uj x ) = V. 

Every differential equation of a finite type is defined by a pair of distributions 
(E,V). This pair leads to a nilpotent differential geometry of type (m, Go), where 
m_i is a direct sum E ® V and Go is a subgroup of a group Go(m) of all grading 
preserving automorphisms of m, which preserve splitting of m_ 1 = E © V . Let q = 
g(m, Go) be a universal prolongation of a pair (m,Go). Tanaka was the first, who 
proved that for a semisimple q there exists a functor from Category of Go-structures, 
associated with nilpotent geometries, to the category of a Cartan connection of 
type (G, G>o) PH]. Later Morimoto generalized this statement for a broader class 
of Lie algebras [B] , which the symbol of a finite type differential equation belongs 
to [3]- However, obtaining a nilpotent geometry from a Cartan connection of a type 
(G, G>o) is much simpler task. 

Lemma 1. Let lo be a Cartan connection of an infinitesimal type (fl,fl>o) over 
a principal bundle V — ¥ M, where g = g(m, Go) is a universal prolongation of 
a pair (m,Go). Assume, that a Cartan connection u has a curvature function of 
positive degree. If s : M V is an arbitrary section, then a pullback s*w_ defines 
a nilpotent geometry of the type (m, Go) and this geometry does not depend on the 
choice of a section. 

Proof. Consider a basis e^_ i; i = 1 ... n, j = 1 ... ni of a Lie algebra m, where the 
degree of e 3 _ i is —i. Then s*w_ = J^^-i^-i an d ^-i is a coframe on M. Let X J _ i 
be a dual frame. Then we can obtain commutation relations between from the 
Cartan formula: 
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(4) u\{[X\,X\]) = -du;\([X%,X%})+ 

(^[s^sM-s^t^xt^xix) 

We should check that (j4} is equal to structure constants of m whenever i\ > 
i 2 + i 3 . Note, that s*f2 does not affect the above property. This follows from the 
positivity of the curvature function. 

Let's define a grading on X 3 _ i by degXi i = — i. s*uj is a non-negative function 
regarding this grading and the grading of q. Only s*w_ part has a zero degree, 
while s*cj>o is always positive. It follows that (0| is equal to structure constants 
of m for ii > 12 + *3- This means that gr X = i X*_ i i X is isomorphic to Lie 
algebra m. □ 

Now the existence of the nilpotent geometry to which the Cartan connection is 
adapted and therefore the existence of an equation will follow from the positivity of 
the structure function. We are going to prove more strong fact: a normal conformal 
connection maps to a characteristic connection, adapted to the third order ODEs 
system. Recall from 5 the definition of characteristic Cartan connection. 

The curvature of the Cartan connection uj has the following form: 

VL = & l _ z V (g) d + Cl l _ 2 Vi (g> &i + (VL^ ® 6j + & x x + &hh + &je{ + & y V- 

Let Q, be one of the 2-forms (l l _ 3 ,(l l _ 2 ,(l t _ 1 ,(l x ,Cth,^tj,^t y . We can write it 
explicitly as: 

3 3 

fi= fi[^ g .W- P ]^ g Aw^ + ^n[w x ,w* p ]w x Aa;* p . 

p,q=l p—1 

Then Q,\G) 3 _ q , u)_ p ] and H,[ui x ,uj k _ p \ are the coefficients of the structure function of 
the Cartan connection uj. 

Definition 5. Cartan connection adapted to the equation (fTJ) is called character- 
istic if the following conditions on a curvature is satisfied: 

• all coefficients of degree < 1 is equal to 0; 

• in degree 2: &h[& x A cjL x ] = 0, &j[u> x A w* x ] = 0, VL x [uj x A uj 1 _ 2 ] = 0, 
Q^l&x A Cj 3 _ 2 ] = and tr (& % _ 2 [Cj x A uJ 3 _ 3 ]j = 0; 

• in degree 3: Sl y [uJ x A u)^_i] = 0, £lh[&x A £>!_ 2 ] = 0, SI)[uj x A ui^_ 2 ] = ^ 

• in degree 4: tl y [uj x Auj 1 _ 2 ] = 0. 

It is quite rare when maps between Cartan geometries send a normal geometry 
to a normal one. Our construction also doesn't preserve normality. But we still 
have the following statement. 

Theorem 1. Assume that a conformal Cartan connection uj is normal. Then the 
extended Cartan connection uj is characteristic. 

Proof. To prove the theorem we analyze the curvature function of the Cartan con- 
nection uj. Let k be a curvature function of the conformal connection ui. Recall 
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that a conformal connection is normal if k p = 0, k x = 0, k z = and k S}r component 
lies in the kernel of the Ricci homomorphism. 

A curvature function k is an JT-equivariant prolongation of 

j*k — a o k + R a . 

The curvature function k is characteristic iff k take values in an ii-invariant char- 
acteristic submodule U. Therefore, if a o k + R a take values in U then k is charac- 
teristic. 

Note, that the tensor R a is of the degree 4 and takes values in I4 part of the 
curvature function. Moreover, the summand a o k doesn't contribute into I4 part 
of the curvature function. That's why I4 is equal to an iJ-equivariant prolongation 
of R a . From [4] we know that the invariant I4 takes values in S 2 (W). It can be 
checked directly the value of R a on V is equal to the bilinear form E, which has an 
identity matrix in the basis (ei, . . . , e„). 

Since on s and q parts of the Lie algebra so m +2,i structure function of the 
connection 00 are zero, all coefficients of the curvature function k except £t l \£j x Awi 3 ] 
and fi*[a;_3 Ad3^_ 3 ] are zero. The form tl l here is one of the 2-forms ^!_ 3 , r2!_ 2 , 
fl x , fij. The lowest possible degree of £V"[uo x A wig] and Q l [oo'i 3 A ui J _ 3 ] is 2. 
The only such components of the degree 2 or 3 are Cl l _ 2 [Cj x A U} 3 _ 3 ] and Cl^luix A 
0)^3]. A curvature function with such components in degree 2 and 3 belongs to the 
characteristic module U if the trace of W_ 2 [Cj x Aw^ 3 ] is 0. In degree 4 characteristic 
connection has only one condition Sl y [u) x A Cj 3 _ 2 ] = 0, which is obviously satisfied 
for extended Cartan connection. 

The last thing that we should check is that the trace of component of the cur- 
vature which corresponds to Wilczynski invariant of degree 2 is 0. We should use 
the fact that k Si7 - component of the curvature of oj lies in the kernel of the Ricci 
homomorphism. The basic fact about Ricci homomorphism homomorphism is that 
elements 

n 

fc=l 

are linearly independent and Ricci homomorphism induces an isomorphism from 
B = span(6jj) to S 2 (W* +1 ). Under our extension construction an element ^b 00 
goes directly to the the trace of second Wilczynski invariant which will be zero for 
Ricci-flat connections. □ 

Corollary 1. Invariant I 2 is equal to zero for conformal geodesies equations. In- 
variant I4 is a non- degenerate everywhere bilinear form for them. 

Proof. The invariant I2 appears in the coefficient Ct l _ 2 [uj , ^ 1 A wL 3 ], which is equal 
to zero for equations on conformal geodesies. The second statement follows from 
the proof of the previous theorem. □ 

Theorem 2. Let us consider a conformal geometry with a normal Cartan connec- 
tion co : V — > so m +i,i- Then the extended connection Co : V x, H — > q is adapted to 
the ODEs system on conformal geodesies of u>. 
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Proof. A symmetry algebra s of a circle in m + 1 dimensional euclidean space is 
fife x so m -i. One can realize this algebra as subalgebra of so m +i,i: 

/ h y \ 
5 y 
S ~ r ' 
V x -A / 

Curve 7 is a circle if and only if there exists such a section s: SO m +i,i/ P — > 
SOm+i,i that s*ujg \f takes values in s, where log is Maurer-Cartan form. By the 
definition of the development the curve 7 on the manifold M is conformal geodesic 
iff there exists at every point a local section s such that s*w| 7 takes values in s, 
where a; is a normal conformal Cartan connection. 
The property s*w| 7 £ 5 is equal to the property 

S*W p | 7 = S*L0q\y = S*UJ s \j = 0. 

On the other hand the curve 7 on the manifold M is a solution of the equation 
([l} iff cD_i, w_2, W-3 are equal to zero on the curve. 
Indeed, let be the following co-frame on £ 



8 X = dx 




U = dy l 


— p l dx. 


-2 = d P l 


— q l dx, 


U - dq* 


- fdx. 



The coframe Q-i, tD_2, ^-3,^2; is adapted to the equation |T]) if and only if 

We see that a curve 7 on the manifold M is a solution of the equation (pj iff 6*_i, 
9^2, 0—3 are equal to zero on the curve 7. This is equivalent to the fact that 
£b-2, are equal to zero on the curve 7. □ 

3. Necessary and sufficient conditions on conformal geodesics 

equations 

In this section we obtain the necessary and sufficient conditions for the 3rd order 
ODEs systems, which define conformal geodesics. Since we know how to construct a 
Cartan connection of conformal geodesics ODEs system from conformal connection, 
we revert this process and obtain conditions on a curvature, which can be formulated 
in terms of fundamental invariants. 

From the proof of the Theorem [T] we know that for conformal equations the value 
of the invariant I4 over the bundle V is an identity bilinear form E € S 2 (W*). The 
group i{P2) acts trivially on I4 — E. The bundle V is a maximal subbundle of V 
on which the invariant I4 is identity. 

We define the reduction of the bundle V on which I4 is equal to E as Ve- This is 
a reduction to the group P2. Let u^bea restriction of the form w to the subbundle 
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Ve- In order to make the form uje to define a geometry of the type (SO m +2A, P2) 
we need form uje to take values in im Q (so m +2,i)- This condition can be formulated 
in terms of differential relations between fundamental invariants. 

Recall, that a universal covariant derivative of a function / : V — > V is a function 
Df: V — > V Cg) g*. Since iJ-module g* decomposes as fjt^ © si^ © V* we have a 
decomposition of D to -Dgi m + D s i 2 + Dy- 

Proposition 3. The connection we takes values in the im Q (so TO +i.i) iff the co- 
variant derivatives D S [ 2 I^ and Dyl^ are equal to 0. 

Proof. Let Xi be a basis of g. Then the Cartan connection w has a form XiCj 1 
in this basis. According to the definition of universal covariant derivative 

(5) dh = J2D Xz hoj\ 

In our case 1 4 equals to E on "P. Let j be an inclusion j :Ve ^ V '■ Assume now 
that we = j*& £ Hom(T'P,so m+ 2,i). Then from (J5J) we get 

(6) = j*dI i =J2f(D Xi h)foj i = £ fiDxMftf 

XiESI Xieso m + 2,i 

We claim, that j*uj l form a coframe on Ve for i such that Xi G so m +2,i- To 
show this, assume that j*u? do not form a coframe. Since dimTT^ = dimso m +2,i 
there exists a tangent vector v at some point p of Ve such that j*uj{v) = 0. But uj 
is an iJ-equivariant prolongation of j*uj therefore uj{v) — Ad# oj*£j{v) = 0. This 
contradicts with the fact that a) is a Cartan connection. 

Now from the equation (j6)) it follows that j*(Dx i h) = for Xi G im Q (so m +i j i). 
Since D s i 2 Ii and Dyli are if-equivariant prolongations of j* (D s \ 2 Ii) and j*{DvIi) 
we get that D s i 2 I4 and Dyli are equal to 0. 

And vice versa, if covariant derivatives D s i 2 I^ and Dyl^ are equal to zero then 
the connection we takes values in the im Q (BO m -|-i.i). The covariant derivative 
Dxi{E) is equal to — 2Xi for the operators with symmetric matrix Xi G gl m . Then 
using §5$) we get: 

(7) = fdh = £ D Xl J*h3*uj l = 

£ {DxJJfu* = £ i-1Xih)foj\ 

Since basis operators Xi 6 Symg( m are linearly independent, all j*u> 1 should be 
equal to zero for such i. This means that lue = j*& £ Hom(T'P,so„i-|_2 l i). □ 

Theorem 3. The 3rd order ODEs system determines locally conformal geodesies 
of some conformal geometry iff the following conditions are satisfied: 

(1) Invariant I2 equal to zero; 

(2) Invariant I± has the maximal rank and D S [ 2 (I<{) = 0, Dv 2 ®w = 0; 

(3) i ( {k - h) = for ( G v 1 © W + v 2 © W, 

where k is a structure function of the adapted to the equation Cartan connection. 

Proof. At the current point we obtain the connection uje and the principal P2- 
bundle which could be a correspondence space for a conformal structure. The 
theory of correspondence spaces gives the answer when the bundle Ve comes from 
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conformal structure A Cartan connection uje on V — > M defines some geom- 
etry of type (G, P) locally iff its curvature function ks vanishes on p. 

We conclude, that uje induces locally some conformal structure iff if fee = 
for £ from Rs © M.q C sOm+i,].. This means that the curvature function ks takes 
values in Vq <E) W A vq ® W* ® f). But this space is an P-submodule and a in an P- 
homomorphism of modules. Therefore a function (k — i? Q ), which is -ff-equivariant 
prolongation of a(fcg), also takes values in Vq ^) W A vq <S> W* <g> f). Here we use the 
fact that an i7-module is also a P-module The reformulation of this condition is 
uje induces locally some conformal structure iff if (k — I4) = for ( 6 t>i ® + 
w 2 ®ff. □ 



4. Invariants of conformal geodesics equations 

In this section we provide explicit formulas which completely define a family of 
equations on conformal geodesics. The computations here are based on formulas 
for the characteristic connection of the 3rd order ODEs systems [5] . We start with 
study of the family of equation, which is characterized by condition J 2 — 0. Then 
we compute relations on invariants of conformal geodesics equations. 

4.1. Invariant I2. The equality to zero of relative invariants always determines a 
stable under point transformations family of equations. One of the earliest examples 
is due to Cartan [2], He prove that fy'y'y'y' is relative invariant of the one 2nd order 
equation of the form y" = f(x,y,y'). Therefor, a family of equations 

y" = A(x, y) (y'f + B(x, y) (y'f + C(x, y) (y'f + D(x, y) 

is invariant under the action of the diffeomorphism group of the plane. Moreover, 
Cartan shows that every such equation describes geodesics of normal projective 
structure. 

The equations for which the condition I2 = is satisfied also define nice family 
of equations. 

Theorem 4. Invariant I2 is equal to iff the 3rd order ODEs system has the form: 

m m 

f(Qj,Pk,Vl,x) = 3q l ^2A 3 (p k ,yi,x)q J + s ^B (p k ,y h x)q :j +C{p k ,yi,x). 
i=i i=i 

Proof. We don't use Einstein summation notion in this proof. Let us denote g q jg q k 
as Ij k . Since the tensor Ij k is symmetric in indexes j and k it has 2 equal traces, 
which we denote as Tj. The trace- free part of I2 is the following: 

We prove now that functions /* are quadratic polynomials with respect to q l . In- 
deed, from condition tro / = follows that 7j fe = if i ^ j and i ^ k. Therefore, 

all partial derivatives g q %q k Q qi are equal to 0, if two indexes in the set {j, k, 1} are 
different from i. We differentiate equality 

dqidqj n .+ 1 dq k dqj 
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where i ^ j, by qi and get that ;^px J^q!dq = ^ Similarly, from equation 

a 2 p 2 ^ d 2 / k 



d 2 q l n + 1 ^ dq k dqi 



follows that §s£ = 0. 



The functions / l could be expressed in the following form: 



where coefficients A l j, B* and Ci don't depend on q k . The condition = gives 
us that 



a) — - y A* = 0. 

3 n+ 1 ^ 3 



k=l 

Therefore, all coefficients Aj are the same for different i. Let 3Aj ~ A l j. Then from 
condition I2 — follows that /' has the form: 

(8) f = 3q i (A j q j )+B*q j +C i . 

The direct computation shows that for every system of the form ([8]) invariant I2 is 
equal to 0. □ 

Corollary 2. The the family of equations of the form: 

m m 

P {li ,Pk,Vi,x) = 2>q% ^2 Aj (p k , yi , x)q + y B 3 (p k , yi , x)qj + C (p k ,y h x) 
3=1 3=1 
is invariant under the group of point transformations. 

4.2. Conditions on conformal geodesies equations. The end of the article 
is devoted to proving of the following theorem, which gives explicit conditions on 
coefficients of conformal geodesies equations. The formulas below are quite com- 
plicated. I have a realization of this formulas in Maple, which I could send on 
demand. 

Theorem 5. A system of the 3rd ODEs is a system on conformal geodesies iff the 
following equations are satisfied: 

dqidq k J ' 
ldf l ldf k d 

W (/4)fc3 "3 97 (/4)lfe -^ /4 ' 

d 



0=tr n 



2 



dpJ dq3 dq k k 



d ( 2 d(W 3 )l | d(W 3 )\ 



dq l \ dq l dq k 
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o-- V (^-^ + ^-««r'o*K) + 



where 



and tro is a trace-free part of the tensor in the indexes 

To proceed to direct computation, we recall first formulas for the characteristic 
Cartan connection of the 3rd order ODEs system [5]. We are working using a 
coframe 9, which is defined in the following way: 

O x = dx, dq l ~ f l (x,y,p,q)dx, 

0!_ 2 = dp 1 - q i dx, 6»i 3 = dy l - p l dx, . 

Consider a Cartan geometry of the type (G, H) over an ii-principle bundle V — > £ 
with a Cartan connection Co: TV — > g: 

Co = ui l _ 3 vo ® e, + & l _ 2 Vi ® e i + ^-1^2 <& e l + + + (D}e? + u^y. 

We fix a gauge for the connection Co with the help of a section s: £ — > P, which is 
uniquely determined with the following formulas: 



y -3 — "-3) 



s*Wft=0 mod (8 l _ 3 ,v_ 2 ,v_ 1/ , 
s*Co x = -8 X mod (6 l _ 3 , OU^-i)- 

A pullback u: T£ — s- g is defined by the formula 10 — s*u>. According to [5], a 
characteristic Cartan connection adapted to the equation |T]) has the form: 



uj x — —9 X + Ej9 J _ 3 , 
Wh=F j -*0!_ 2 +F j - 3 0!_ 3 , 

u y = H X 9 X + II, (I 1 , + II, 2 ! , + II. A J ,. 



with the following coefficients: 
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1 3 dq? ' 

3 3 dgi ' 
ri = _df,2d L df_ 2_d_P_d_f_ t 
3 d Pj Zdxdqi 9dq k dqJ v 



F7 2 



3(m + 1) 9gJ'9<f 

i a 2 / 4 



J 6^ + 1)9^9^' 
J ' " 9gJ fe % 3(m + 1) dx dqWq i : 



Gf 



19/ 

3 9gi' 
1 d 2 p 



3k " 3dqidq k ' 

Sfe " 3 9^9^ <*c < ^ + < fe ^ 

HX = J_(_df + ± df 1 9f 9/ fe 



#7 2 



4m \ dpi dx dq 1 3 dq k dq 1 
1 9 2 / 4 



6(to - 


f 1) dqWq' 1 


•> 


dH x 


- —H- 1 - 


H- ldfk 


dqi 


dx 3 


k dqk 


dH x 


dH i 2 


Hk dqi ' 


dpi 


dx 



TJ — 6 J TT — L J O TJX TT — 1 

H i ~ ~dp~i dx k W~ 3 

Recall that there exist 4 fundamental invariants for the system of the third order 
ODEs. The list of the invariants is the following: 

(dp d dp 1 df df k 



\ dpi dx dqi 3 dq k dqi 
( d 2 P 



(/2) ^ tr ° \dqldT k 

( W Y J-l- + i^L^ll _ + 2^9T 2_ dp 3 

1 3j J 9yJ 3 9<? fe 0p* 9p? 3 dx 2 dqi 27 1 9gJ ' 

a dp d dp 2d (dp\ dp _ 2di ± HX 



9 dq k dx dq 3 9 dx \ dq k J dq 3 3 dx 

{h)3k = ^§pT + w kHj2 + 2 ^ 1 ^ 1 ' 

4.3. Covariant derivation. Assume that /: V — > V is an i7-equivariant function, 
i.e. f(g.p) — Ad(g^ 1 ).f(p). If ui is a Cartan connection on V then a decomposition 
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of oj in some basis Xi of q: 

Q = XiOj 1 

defines a coframe uf 1 onV. In this settings the covariant derivative along directions 
Xi can be determined from the decomposition: 

In the gauge, which is determined by the section s, we denote the pullback of 
the function / by / and the pullback of the function /j by fi . If we assume that 
dim g = n + m and dim f) = n, than 

n n+m 



4t = -^2(x i .f)u i + J2 



i—l i=n-\-l 

where uJ 1 — s*qj % . Therefore, to compute a covariant derivative along the direction 
Xi <e Q- in the selected gauge we can use the formula: 

n 

(9) f i = df{X i ) + Y i {X i .f)uP{X i ). 

3=1 

Now we apply the formulas above to the calculation of covariant of covariant deriva- 
tives of the invariant 1^. The full differential on the surface £ has the form: 

(10) df Tx* + W ~" + W - 2 + W - v 

Recall that (e!_ 3 , e l _ 2 , e l _i) = (vo <g> e,, Vi ® e i7 w 2 ® ej) is the basis of V2 ® W. Using 
formulas (|10l) -([9|) and the [2] condition of the theorem[3]we obtain that the following 
conditions should be satisfied for the conformal geodesies equation: 

(11) D x h = G X .I A + h-G x - 4-h = °: 

ax 

(12) DeUh = JL h = . 

We prove that from the conditions ([TTj) - ([T2"T) follows 

D s i 2 — Dv 2 ®w{h) = 0. 

First, note that DiJ± = D y l± = since the Lie algebra sb; acts on J4 G S 2 (W*) 
trivially. Secondly, conditions D e i I4 = and D e i I4 = follow from this useful 
formula: 

(13) D X D Y - D Y D X = D [X>Y] + D n(XtY) . 

Indeed, Dh and D y acts trivially on I4 G S' 2 (Vl / *). Coefficients ^(e^, x) and 
flj(e_ 2 ,x) = are equal to for characteristic connections, and Q, % _ a {e > _ l ,x) = 
^- a ( e -2' x) = 0, a = 1,2,3 for characteristic connections with invariant J 2 = 0. 
Therefore D n ^_^h = D n(eU x) h = 0, and 

D eU h = = D x D eU h - D et D x h = 0, 

D ei h = D, x e , 1/4 = J 4 - D e * D x h = 0. 
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4.4. Correspondence conditions. Now we proceed with the computations of for- 
mulas which express theOU'd condition of the theorem[3]in terms of the fundamental 
invariants of the system. 

Proposition 4. The condition [3] of the theorem 3 is equivalent to the following 
conditions on Wilczynski invariants: 

(14) D e k t (W 2 )j = 0, 

(15) tr (D etl (W 3 )} - 2D el jW 3 )l+D el jW 2 y k ) = 0, 

(16) D eLi (D^ (W 3 )\ - 2D eU (W 3 )l + D eU (W 2 )i) = 0, 

(17) D eti (D et2 (W 3 )} - I), .:ir,i;) + h.W 2 = 0, 

Here the operator tro is the trace-free part of a tensor with respect to the indexes 
i,3- 

Proof. We use the Bianchi identity to compute explicit formulas for condition [3] 
in terms of fundamental invariants and their covariant derivatives. We denote the 
structure function of the Cartan connection u> as C. The Bianchi identity can be 
written in the form 

dC = dC + C o C, 
where d is a Lie algebra differential, 

dC = x* A D X C + eti* A D^ C + e l _ 2 * A D e > C + ei 3 * A D e , C 

is the part of universal covariant derivative of C and 

(CoC)(X 1 ,X 2 ,X 3 ) = C(C(X [1 ,X 2 ),X 3] ). 

For torsion free geometries the term CoCis zero. However, the connection u has 
a torsion, that is why C o C is not in our situation. The first non-zero term of 
C oC has the degree 6 in an assumption that invariant I 2 is equal to 0. Therefore, 
C o C term affects only formula ([T71) . Present the structure function C as a sum of 
the following form: 

C = Ci 3 ei 3 + C™ 2 e 4 l 2 + CV-i + C x x + C h h + C)e\ + C y y. 

We use the same notation for the Lie algebra differential of C: 

dC = <9C*V- 3 + dC- 2 e l _ 2 + dC l _ x e l _ x + dC x x + dC h h + dC)e{ + dC y y. 

In the 3rd degree the Bianchi identity gives us among the others relations the 
following one: 

9Ci 3 (ei 3 , e k _ 2 , x) = - C) (e k _ 2 , x) + 2C h (e k _ 2 , x)5) 

+ C x (ei 3 , x)Sl - Ci 3 (ei 3 , e fc _ 3 ) + Ci 2 (ei 3 , e k _ 2 ) 

= C x (el 3 ,x)6l - CU(eU^- 3 ) + d 2 (eL a ,ei a ) = 0. 

Terms C^(e k L 2 -,x) and 2Ch{e^ 2l x) are equal to due to normality conditions on 
the curvature. Assuming i — j = k, we get that: 

C x {e t _ 3 , x) — Cl 2 ( e -3j e!_ 2 ). 
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In the degree 3 we have only one non-zero covariant derivative: 

aCl 2 (e^,ei 3 ,x) = --2C !; (e^ 1 ,x)^ + C'l 2 (ei3,e'l 2 )-Cl 2 (ei3,e ? i 2 )- 

C x ^_ 3 ,x)5\ = Ci 2 (ei 3) e1 2 ) - Cl 2 (ei 3 , e k _ 2 ) - Cl 2 {el Zl el 2 )5\ = D e » i (W 2 )}. 

From condition [3] of the theorem [3] follows that covariant derivative D e k W 2 should 
be for equations on conformal circles. The covariant derivative D ek W 2 is the 
only fundamental invariant covariant derivative of degree 3. Since D e k W 2 = 0, all 
terms of the degree 3 in the curvature function apart from the Wilczynski invariant 
W 3 should be equal to for conformal geodesies equations. 

In the degree 4 we are interested in the following parts of the Bianchi identity: 

dCi 2 (e k - 2) eU,x) =CU{e k - 2 ,eU) Ci 2 (e* 3 , ei 3 ) - C l k (e j _ 3 ,x) = D^JW,)), 
dCi^ei^eLvx) =2S i h C h {eL a ,x) - C\{e k _ 2 , eL 3 ) - Q(e J _ 3 ,x) = D e , [\\,Y r 
dCU(et 2l el 2 ,x) = - CL^ei,) - Cl^el,, ei 2 ) = 0, 
SCLi(e* !, eL 3 ,x) =25lC h (eL 3 ,x) - Ci(eL 3 ,x) - 28)C h {e k _ 3 ,x) + q(e k _ 3 , x)- 
Ci 2 (e* 3 ,ei 3 )=0. 
Solving these equations we get that: 

(18) C*_ 2 (e k _ 3 ,el 3 ) = D eJ jW 3 )l - D ek JW 3 % 

(19) C\(eP_ 3 ,x) = D eki {W 3 )) - D^JWzt - D e u_ 2 {W 3 % 

(20) C h (e?_ a ,x) = -\ tr* (p^{W 3 )\ - 2D e] jW 3 )l + D eJ jW 2 )l) , 

(21) CUet^eLs) = tr„ {p^Wa)) - 2D e] jW 3 )l + D e] jW 2 )l) = 0, 

where tro is the trace-free part of the tensor with respect to the indexes All 
other parts of the curvature function of the degree 4 are equal to 0. 

In the degree 5 there are only 4 terms of the curvature function which should be 
and can give us conditions on Wilczynski invariants. These terms are Cj(e* 2 > e -3)i 
Cft(e^. 2 , e l _ 3 ), C y (e k _ 1 ,e l _ 3 ) and C y (e k _ 2 , e l _ 2 ). The Bianchi identity gives us the 
following equality: 

(22) dC h (e l _ 1: el 3 ,x) = -C h (e l _ 2 , e J l 3 ) + Cy^U, e J l 3 ) - D el _C h {eP_ 3 ,x). 
From (f2"2"| and (|2ll|) we obtain that the term 

D eLi (D ek jW 3 )) - 2D eU (W 3 )l + D eU (W 2 )l) 

should be equal to for conformal geodesies equation. After computations of the 
degree 4 we know that 

C(e'„ 1 , e i 2 )-C y (e i _ 1 ,ei 2 ) = / 4 -y. 
Now we apply formula (TT3")) to the invariant W 2 : 

D el _D ek _W 2 - D e i_D et W 2 = (h) lk ■ y.W 2 = 0. 
Therefore D e t D e kWi = D ek _D el _W 2 = and 

(23) D eli (D ekLi (W 3 )} - 2D eU (W 3 )\) = 
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Finally, we can easily deduce from (|23j) that D e i D e k W 3 = 0. This leads us to the 
fact that 

D e >_CUe1 3 ,el 3 ) = £> eLi Cj(eL 3>a = 0. 

From equality D e k Ch(e J _ 3 , x) — follows that all terms Cj(e_ 2 , e -3) ; Cft( e -2i e -3)j 
C y {e k _ 1 , e l _ 3 ), and C y {e k _ 2 ,e l _ 2 ) are equal to 0. 

In the degree 6 the only term C y (e k _ 2 , e l _ 3 ) gives us conditions on invariant. From 
the Bianchi identity we get that the following expression should be equal to 0: 

dC y (e'_ 1 , e_ 3 , x) = —C y (e 3 _ 2 ,e k _ 3 ) — D e ^^C y (e_ 3 ,x). 

The coefficient C y (e k _ 3 ,x) could be found from the following equality: 

D e ^(W 3 )) = dCi^e^ei^x) = -&_ x {et^) ~ 2SlC y (el 3 ,x). 

Symmetrization of the previous equality by i,j together with the trace operator 
gives us formula for C y {e k _ 3l x): 

C y {e h ^x) = -^yy (d^Ws)) + D^JWs)}) . 

In the degree 7 there is no conditions on the curvature. □ 

To obtain explicit formulas on invariants we should use formula ([§]). Covariant 
derivatives of Wilczynski invariant have the following expressions: 

dW 2 



D k Wo 

e -i 2 dq k 

dW 3 , 



dW 2 1 



UVV 3 UVVR , 1 



dW 3 dW 3 . 
2(H^ 2 - H^B[)W 2 + GX 2 .W 3 - W 3 .GX 2 



Using previous formulas we get that conditions of the proposition [4] are expressed 
in the following way: 

m 2 0j 



dq k 



dq l \ dq l dqi I 

|r (D eU (w 3 y 3 - d £] jw 3 )\) + (74),, (w 2 )} - 

X (B{W$ d{W 3 )) d (w 3 )l RH -i (wY \_ . 
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The formulas above end our computations. 
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